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Abstract. The Alon- Tarsi Latin square conjecture is extended to odd dimen- 
sions by stating it for reduced (normalized) Latin squares. A modified version 
of Onn's colorful determinantal identity is used to show how the validity of 
this conjecture implies a weak version of Rota's basis conjecture for odd di- 
mensions, namely, that under a certain condition, the union of n bases can be 
partitioned into n transversals containing at least n — 1 bases. 



1. Rota's basis conjecture and some conjectures on Latin squares 

The following conjecture was stated by G.-C. Rota in 1989 |10) : 

Conjecture 1.1 (Rota's basis conjecture). Let Bx, B%, . . . , B n be bases of a vec- 
tor space over an arbitrary field, then Bi can be partitioned to n transversals, 
each of size n, that are all bases. 

This conjecture can also be stated in terms of matroids, although this paper deals 
with its slightly narrower version, stated above, for vector spaces. The conjecture is 
still open, although partial results were solved in [H |3] |4] |5] 16] 171 18] 19] \W \ [H ] [14 ] [To ] . 
It is well known that this conjecture is related to Latin squares. Let C be the set 
of all Latin squares of size n x n over {1, . . . , n}. For a latin square Lg£, we use 
the notations Lij for its (i, j)th entry, Li for its ith row and L J for its jth column, 
the sign, or parity, of L, denoted sgn(L), is defined as the product of the signs of 
all its row and column permutations, that is, sgn(L) = n™=i s g n (^i) s 8' n (^ 1 )- For a 
given dimension n, l(n) denotes the number of even Latin squares of order n minus 
the number of odd ones. For odd n it is easy to see that l(n) = 0. For even n 
and for a field of characteristic Conjecture 11.11 was shown in [10] and [13] to be a 
consequence of the following conjecture of Alon and Tarsi [2]: 

Conjecture 1.2 (Alon- Tarsi Latin square conjecture). For all even n, l(n) ^ 
0. 



No general result for Conjecture II .11 for odd n has been presented yet. In this paper 
an analogue of the relation between Conjectures 11.21 and 11.11 is shown for odd n. 
The following terms and notations appear in [ IT] and [16] . among others. A Latin 
square is said to be normalized or reduced if its first row and first column are 
the identity permutation. A Latin square is said to be semi-normalized if its first 
column is the identity permutation. A Latin square is said to be diagonal if its 
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diagonal consists solely of l's. Let nels(n), nols(n), sndels(n) and sndols(n) be 
the numbers of normalized even Latin squares, normalized odd Latin squares, semi- 
normalized diagonal even Latin squares and semi-normalized diagonal odd Latin 
squares, respectively. Zappa |16j introduced AT(n) = sndels(n) — sndols(n) and 
proposed the following extension to Conjecture 11.21 

Conjecture 1.3 (Extended Alon- Tarsi conjecture). AT(n) ^ for every 
positive n. 

For even n this conjecture is equivalent to Conjecture 11.21 For odd n, Drisko 
[6) proved the conjecture in the case that n is prime. It was shown in [16j that 
AT(n) — nels(n) — nols(n) for even n, but this is not necessarily the case for odd 
n. 

We propose another extension to Conjecture 11.21 
Conjecture 1.4. l r (n) ^ for every positive n. 
where, 

Notation 1.5. Let l r {n) — nels(n) — nols(n) 
(r for reduces). 

For even n, Conjecture 11.41 is equivalent to conjectures 11.21 and 11.31 but this is not 
true for odd n and the conjecture is only known to hold up to n — 7 (sec 16J). We 
shall see in Section [3l Theorem 13.31 that the assumption that l r (n) ^ for odd n 
yields a weak case of Conjecture II. 1[ namely the possibility of partitioning into n 
transversals, of which at least n — 1 are bases. 



2. A MODIFIED VERSION OF ONN'S COLORFUL DETERMINANTAL IDENTITY 

The following identity is due to Onn 13 : 

Proposition 2.1 (Onn's colorful determinantal identity). Let 1 W : 2 W, . . . , n W 

be n square matrices of order n over a field F. Then 



Where 3 W J is the ith column of the matrix , S n is the set of n-tuples over 
the symmetric group S n and for each such n-tuple p = (pi,...,p n ), sgn(p) = 

nr=i s s n (A)- 

The argument in [T3j goes as follows: Suppose n is even and Coniecture ll.2l holds. If 
the columns of each of the matrices 1 W, 2 W, . . . , n W form a base and char(F) { l(n) 
then the right hand side of (|2.ip is nonzero and thus some term in the sum on the 
left hand side of (|2.1I) must be nonzero. Hence, there exists a colorful repartition 
of the multiset of column of the matrices % W consisting of bases. This implies 
Conjecture 11.11 for a field of characteristic not dividing l(n). For odd n we know 
that l(n) = and thus we cannot conclude Rota's Conjecture 11.11 In fact, for 
odd n, the sum on the left hand side of (|2.ip can be seen to be zero by a direct 
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argument: if n is odd, then for any ir £ S n and (pi, . . . , p n ) € S n we have 

n n 

JJdet f 1 W wpl( - i:i ,..., n W 7Tpn ^'] = sgn(7r) n JJ det (^W pl{% \ . . . , n W pn(i ^ 

i=l i=l 

n 

= sgn(Tr) J|det f 1 ^) B ^W) 

i=l 

It follows that each term in the sum on the left hand side of (|2.ip appears nl/2 
times with a positive sign and nl/2 times with a negative sign, and thus the sum 
on the left hand side of (|2.1j) is 0. 

We shall modify the identity (I2.1[) so that the left hand side does not contain 
multiple terms. For this we take only elements of S n whose first component is the 
identity permutation. In this case the expression on the right hand side of (|2.ip is 
divided by nl: 

Proposition 2.2 (Modified colorful determinantal identity). Let 1 W, 2 W, . . . , n W 

be n square matrices of order n over a field. Then 

(2.2) sga(p)]Jdet^W i , 2 W p2 ^,..., n W pn(i) ^ = ^-]]_det^W) 

pes™ i=l ' n ' j=l 

PI = id 

We see that if n is odd we still have zero on the right hand side and we still cannot 
conclude anything about Conjecture 11.11 However, Proposition 12.21 is a first step 
in constructing an identity that does no vanish, we shall see in Section [3] how 
Equation (|2.2j) can be modified so that the expression on the right hand side of 
becomes nonzero, thus obtaining a result for Conjecture 11.11 for odd n. 



Proof of Proposition \2.SX The proof presented here mimics the proof in |13j , except 
that here p\ = id. Let 

n 

(2.3) A = s Sn(<rHn( P ) J[ 

P, a 6 S™ «,j=l 
PI = id 

We compute A in two different ways. For p — (id, p2, ■ ■ ■ , p n ) let 



A p =J2 sgn(<x) J] j W^f } 

crtS 71 i,j=l 
n n 

i=icTies n j=i 

n 

= ]Jdet ^W\ 2 W p2{t \..., n W p " { ^ 
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Applying the last equation to (|2.3|) we have 
A= Yl sgn(p)A' 



(2.4) 



For a e S n let 



p e s™ 

PI = id 



n 

^ sgn(p) det f 1 ^ , 2 W p2{t) , . . . , "VF P " w ) 



pes" 

PI = id 



pes" i,j'=l 

PI = id 

(n \ n n 

i=l / j=2 Pj eS n i=l 

(n \ n 

n n det (^xwj.^o). ■ ■ vKw) 
i=l / j=2 

Note that A CT is nonzero only for er = (<7i, . . . , a n ) satisfying that for each j — 
2, . . . , n, the set {<7\{j) 1 • ■ ■ , &n(j)} is equal to the set {1, . . . , n}. In this case we 
must have that the set {<7i(l), . . . ,<t„(1)} is also equal to the set {1, . . . ,n}. For 
each such a there exists 7r CT = (tti , . . . , tt„) 6 S n so that = 7Tj(i) for all 

i,j = 1, . . . , n. We have 

(n \ n 

Ii 1W Ul) Il det ( j Wa l{j) ,..., j W an{j) ) 

(n \ n 

\i=l ) k=2 i=2 

n / n \ 

= sgn(^) J] det (*W) sgn(^) J] 

j=2 \i=l / 

Each (j as in (|2.5p defines a Latin square L whose rows and columns are the elements 
of a and Tv a respectively, thus sgn(L) = sgn(cr)sgn(7r (T ). Substituting (|2 .5|) into (|2.3p 
we have: 

A = ^sgn(a)A CT 

cr 

n / n \ 

( 2. 6 ) = ^sgn(a)sgn(^) [] det (*W) sgnfa) 

a j=2 \i=l / 

n / n \ 

= [] det (' ^ sgn(L)sgn(7r 1 ) 1 



A WEAK CASE OF ROTA'S BASIS CONJECTURE FOR ODD DIMENSIONS 



5 



Note that 7Ti is the first column of the Latin square L. Now, instead of summing over 
all Latin squares and considering their first column ix\ we sum over all permutations 
7Ti and then over all Latin squares for which 7Ti is their first column. Applying this 
change to (|2.6p we have 



(2.7) 



A = [] dct {iW) £ sgn(L)sgn( 7 r 1 ) J] 

j=2 LeC \i=l / 

n / n \ 

= [] det {iW) J2 II 1W k(i) E s S n W 

3=2 TriES n \i=l ) LeC 

7T1 = L 1 



Note that 



and 



E 



sgnM IT^Ci) =det( x W) 



X sgn(L) 



l e £ 

is the number of even Latin squares with tti as their first column minus the number 
of odd ones. We claim that this number is equal to l(n)/n\ (see Lemma [2.41 part 
(ii) below). Assuming this, Equation (|2.7[) becomes 

(2.8) A = f[ det (fW) ^det = ^ ft det (>W) 

3=2 ' ' 3=1 

Combining (g3) and ((2~5)) the result follows. □ 
To conclude this section we need a lemma. First some notation: 

Notation 2.3. Let a, tt 6 S n , i, j G {1, . . . , n) 

(i) l a ,i{n) will denote the difference between the numbers of even and odd Latin 
squares with a as their ith row. 

(ii) V'^^n) will denote the difference between the numbers of even and odd Latin 
squares with n as their ith column. 

(iii) V^.'l in) will denote the difference between the numbers of even and odd Latin 
squares with a as their ith row and n as their jth column. 

Lemma 2.4. Let n be positive, tt g S n , 1 < i < n 

(i) Ifn>3 is odd then l Wti (n) = V">\n) = 

(ii) For all n, ^,i(n) = P'^n) = l{n)/n\ 

Proof, (i) For a given i, fix some j and k different from i. For any Latin square 
with 7r as its ith row we can obtain a Latin square with the opposite parity by 
exchanging the jth and kth rows. Similarly for columns. 

(ii) If n is odd then l n< i(ri) = Z^ :1 (n) = l(n) = by part (i). Suppose n is even. 
Let 7Ti, 7T2 G S n - Let L be a Latin square containing 7Ti as its ith row. By applying 
the permutation 7T2 o irf 1 on the rows of L we obtain a Latin square with the same 
parity containing Ti2 as its ith row. Thus ^^(n.) = ^ 2 ,i( n ) = l(n)/n\, and similarly 
for columns. □ 
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3. A WEAK CASE OF ROTA'S BASIS CONJECTURE FOR ODD n 

We saw in Section [2] that the colorful determinantal identity cannot be used to 
conclude anything about Rota's basis conjecture for odd dimensions. In this section 
we shall invert the signs of half of the terms in the sum on the left hand side of 
Equation (|2.2[) so that the sum on the right hand side will not vanish. 
Recall Notations IL5J and I2J31 



Lemma 3.1. Let a, n g S n . 

(i) if n is even then t£\(n) = l r (n). 

(ii) if n is odd then t^\(n) = sgn(cr)sgn(7r)Z r .(n). 

Before proving the lemma recall from that an isotopy is a triple (a, P, 7) such 
that a, P, 7 S S n and it acts on a Latin square L by applying a on the set of rows, 
P on the set of columns and 7 on the symbols of the square. 



Proof of Lemma \3.1\ Let L be a Latin square containing a as its first row and 7r 
as its first column. If L\ t \ = ft 7^ 1, we apply the inversion 7 = (1, ft) on the set 
{1, . . . , n} to obtain a square with 1 as its (1, 1) entry (If L\ t \ — 1 then 7 = id). 
Now apply a permutation a on the rows and a permutation p on the columns to 
obtain a reduced (normalized) Latin square. Since a and are determined by 7r 
and a - respectively, the isotopy (a, /3, 7) can be applied on any square containing 
a as its first row and 7r as its first column, to obtain a reduced square. Now a. 
and ft have the same parity if and only if a and 7r have the same parity (since 
a o 7 = 7T _1 and p o 7 = <r _1 ). According to Proposition 3.1 in |11) the resulting 
square and the original square have opposite parities only in the case that n is odd 
and sgn(cr) = — sgn(7r). □ 

Theorem 3.2. Let 1 W, 2 W, . . . , n W be n square matrices of order n over a field. 
Suppose n is odd and Conjecture \1.4\ holds for n, then 

(3.1) 

71 

2 sgn(p)perm 2 W p2{1 \ . . . , ™^ p " (1) ) JJdet {^W\ 2 W p2{l \ . . . ,"V^ P " W ) 

pes" i=2 
Pi = id 

n 

= (n- 1)! • l r (n)perm ^W) det ( 3 W) 

Proof. On the right hand side of (|2.2[) we have a sum of (n!)™ -1 terms each consist- 
ing of the product of n determinants. If we omit the signs in the first determinant 
of each such term we get the product of n — 1 determinants and one permanent. 
We shall see that this can be achieved by omitting sgn(ai) in (12. 3[) . We denote 
the resulting expression by A' instead of A and Equation (|2.3[) takes the following 
form: 

p ^ sn 880(01) »«W 

Pi = id 

n 

= ^ sgn(a 1 )sgn( ( r)sgn( /3 ) J] 

p, <t e s n ij'=l 
pi = id 
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We can compute A' in two different ways. Taking the externai sum by p we obtain 
(3.2) 

n 

A'= £ sgn(p) £ sgn^OsgnCa) JJ 

pes™ oeS" i,i=l 

PI = id 

(n \ / n n 

<ri6Sf„j=l / yi=2criGS„ j = l 

PI = id 

n 

= ^ sgn(p)perm Aw 1 , 2 iy p2(1) , . . . , det ^W* 2 W p2{i) , . . . , n W p " 

p e s" i=2 

PI = id 

Taking the externai sum by a and substituting A CT from (|2.5j) we obtain 



(3.3) 

A ' = E s § n ( cr i) s g n ( cr ) A ^ 

cr 

n / n \ 

= ^ sgn(a 1 )sgn(a)sgn( 7 r) [] det (W) sgn^) [] 

<t j=2 \i=l ) 

n / n \ 

= [] det ^ sgn(a 1 )sgn(i)sgn(7r 1 ) [] l Wl l(l) 

3=2 LeC \i=l / 

n / n \ 

= [] det (fw) £ s S n (^) II " W Mi) E s S n ( CT i) E s Sn(L) 

3=2 ^iGS„ \i=l ) qfS, LeC 

= CTlf 1 ) "X = L l 

7T! = L 1 



Now, according to Lemma 13 - 1 1 for any 7Ti , o~\ E S n 

sgn(rri)sgn((Ti) ^ s S n ( L ) = l r{n) 



l e c 

"l = Li 

m = l 1 



Also, for each 7Ti £ there are (n— 1)! permutations crj G S n so that 7Ti(l) = cri(l). 
Hence 

n / n \ 

A' = Y[det(^W)(n-l)\.l r (n) £ fl 1 ^) 

,g ^ 3=2 TTiESn \i=l ) 

= f[ det ( j W) (n - 1)! • ? r (n)perm ^W) 

Combining (|3.2[) and (|3.4[) the result follows. □ 
We can now obtain a weak version of Rota's basis conjecture for odd n: 

Theorem 3.3. Suppose n is odd and l r (n) ^ 0. Let B\, B2, ■ ■ ■ , B n be bases of 
a vector space of dimension n over a field of characteristic 0. Suppose the matrix 
whose column are the vectors of B\ has nonzero permanent, then U i=1 &i can ^ e 
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partitioned into n transversals, each of size n, such that at least n—1 of them are 
bases. 

Proof. For each j = 1 , . . . , n let 3 W be the matrix whose columns are the elements 
of Bj. Then, by the assumptions of the theorem, the right hand side of (13. 1[) is 
nonzero. It follows that at least one of the terms in the sum on the left hand side 
of p.l[) is nonzero. This term gives n — 1 transversals that are bases. □ 

Remark: For the result of Theorem l3.3l to hold B\ need not be a base. However, the 
theorem was stated in this way for simplicity and in order to keep the hypotheses 
of the theorem as similar as possible to those of Conjecture 11.11 
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